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Why Concrete?
Most used construction material in the world

7% of anthropogenic CO2 emissions (mainly from 
cement production)

Use of concrete predicted to double in the middle of 
century
230 billion cubic metres of new construction by 
2060 (City of size of Paris every week)

Dean et al. (2016) 3



What can we do?

Improving understanding of concrete behaviour

Models for predicting response of concrete

New materials with improved performance

Techniques for retrofitting and repairing structures 
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PhD students:
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Xiaowei Liu: Dynamic loading

Ismail Aldellaa: Corrosion 
induced cracking in reinforced 
concrete

Ifiok Ekop: Strengthening with 
FRP 

Gumaa Abdelrhim: Structural 
collapse

Chao Zhou: Fibre reinforced 
composites



Corrosion induced cracking
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I. Aldellaa, P. Havlásek, M. Jirásek, P. Grassl. 
Engineering Fracture Mechanics, April 2022, Volume 
264, 108310.

I. Aldellaa and P. Grassl, 2023, In preparation.
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Corrosion rate: 

<latexit sha1_base64="hFlOOjJ//bftBEpeG3G5ii+JTWo="></latexit>

xcor/t / icor
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Often
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<latexit sha1_base64="ZnO7vE5lIJMC19bwwrOw5ADD7k4="></latexit>

icor < 10 µA/cm2

Cracking after years!

Main causes:
Carbonation
Ingress of chloride irons

Ref: Tuutti (1982)



Background

Ref: Aldellaa and Grassl (2023)

Accelerated process in 
the lab: 
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<latexit sha1_base64="Fe0NMccIexi1USAV50XKbJW7kD8="></latexit>

icor > 100 µA/cm2

Cracking after days!

How to link lab results 
to field applications?



Aim
Understand long-term effects involved in corrosion 
induced cracking.
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Provide suggestions how to incorporate these effects 
in predictive modelling approaches.

Use thick-walled cylinder models supported by lattice 
analyses and experiments.

Methodology



Faraday’s laws of electrolysis
<latexit sha1_base64="MFERxMffH+1rqDisunT2lRGQqyU="></latexit>

M = 55.9 g/mol
<latexit sha1_base64="QNynB68BW+YNC5JHRDJ9+Sd98+k="></latexit>

n = 2
<latexit sha1_base64="4/O9pcgQbH0ruwzowGRevp05JVw="></latexit>

⇢ = 7.85 g/cm3

<latexit sha1_base64="onO5TifeVgOCVSDlv9loFbP1UyQ="></latexit>

F = 96485 C/mol
<latexit sha1_base64="kjQLnaRl3nsP/z2AT7XM/x6o9MU="></latexit>

[µm/day]
<latexit sha1_base64="MmFQMfcTn+iydqA/E2ZYn5G96vc="></latexit>

[µA/cm2] <latexit sha1_base64="OZT6lG83rhgnZf41VqbqUU9voeI="></latexit>

1 C = 1 A⇥ s
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<latexit sha1_base64="d/YC2PX0d4uJhqUjXUfVakueDzE="></latexit>

xcor

t
=

M

n⇢F
icor

<latexit sha1_base64="VSIrdfQIJVxE4WDOoW/gRnFMtOY="></latexit>xcor

t
= 0.032icor



Thick-walled cylinder model
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Thick-walled cylinder idealisation

Thick-walled
cylinder

Concrete

Steel bar
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Thick-walled cylinder
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<latexit sha1_base64="znTldGNixe1BVXfH5jeUO16WSXY="></latexit>

↵ = 2



Thick-walled cylinder mechanics

d�r

dr
r + �r � �✓ = 0

<latexit sha1_base64="kGZ9AYhImL/zjXODPVeheET5Vgs="></latexit><latexit sha1_base64="RaWH+u5sH7e56a9ZgEaEECexu24="></latexit><latexit sha1_base64="RaWH+u5sH7e56a9ZgEaEECexu24="></latexit><latexit sha1_base64="0VHM0GQ53FtEAlWxFffS6GIbv1c="></latexit><latexit sha1_base64="vRluYmL2ennUg2y8ZrKsZ9BJbwA="></latexit><latexit sha1_base64="vRluYmL2ennUg2y8ZrKsZ9BJbwA="></latexit><latexit sha1_base64="H9sCp0C8P72VXhmfDjkur6DNV7Q="></latexit><latexit sha1_base64="H9sCp0C8P72VXhmfDjkur6DNV7Q="></latexit><latexit sha1_base64="RaWH+u5sH7e56a9ZgEaEECexu24="></latexit><latexit sha1_base64="RaWH+u5sH7e56a9ZgEaEECexu24="></latexit><latexit sha1_base64="RaWH+u5sH7e56a9ZgEaEECexu24="></latexit><latexit sha1_base64="RaWH+u5sH7e56a9ZgEaEECexu24="></latexit><latexit sha1_base64="H9sCp0C8P72VXhmfDjkur6DNV7Q="></latexit>

<latexit sha1_base64="NuEsxWLbbK0sWKimkUB8QhPsSZ0="></latexit>

"r =
du

dr
and "✓ =

u

r

Equilibrium

Compatibility
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Version 1: Elastic thick-walled cylinder + 
plastic limit for pressure
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Elastic thick-walled cylinder
Constitutive model

Boundary conditions

<latexit sha1_base64="BK45mwaZCqpcgFQ9Op1snJGBvdU="></latexit>

�r = 0 at r = ro

<latexit sha1_base64="pWllUCKjtWF3Zp5FXM8oOxf1bTY="></latexit>⇢
"r
"✓

�
=

1

E

✓
1 �⌫
�⌫ 1

◆⇢
�r

�✓

�

ODE of radial displacement
<latexit sha1_base64="I1AqtHz15AEzvWdKN9Pv+6Hp0SA="></latexit>

d2u

dr2
+

1

r

du

dr
� u

r2
= 0

<latexit sha1_base64="wo+zPBxhFwTBExrI0qxrafhTqlA="></latexit>

�r = �P at r = ri
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Elastic thick-walled cylinder mechanics

<latexit sha1_base64="rGU43hSQi6s4KFx8TIz0b6wF/vc="></latexit>

ui = u(ri)

<latexit sha1_base64="ss/tWFi8AcymFqBaEeG7zSGMNbY="></latexit>

u(r) =
P

E

�
r2 + r2o

�
r2i

(r2o � r2i ) r
<latexit sha1_base64="SLj8sGhjlRG0iBvkrNYgIDoRXh8="></latexit>

ui =
P

E

�
r2i + r2o

�
ri

r2o � r2i
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with
<latexit sha1_base64="P6K0x0oInQWTiYeUR/YLFCCgZx8="></latexit>

P crit = ft
ro � ri

ri
Plastic limit:
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<latexit sha1_base64="KbWPZCvKtSd07nUAhfxDBP4kqs0="></latexit>

ucrit
i =

ft
EC

ro � ri
ri

<latexit sha1_base64="6fBIXFQcBKDmuIEhrIjiRVh84f8="></latexit>

C =
r2o � r2i

((1� ⌫)r2i + (1 + ⌫)r2o) ri

Combine solution for radial displacement with 
plastic limit

Link to corrosion penetration

and time

<latexit sha1_base64="WLcNwMZ3PeOypvS7Z+q70P+Pbdk="></latexit>

xcrit
cor =

ucrit
i

(↵� 1)
=

ft
(↵� 1)EC

ro � ri
ri

<latexit sha1_base64="EjJqko1Ac+ROIVT5BZDXUWq2sM8="></latexit>

�tcrit =
ucrit
i

0.0315 (↵� 1) icor
=

ft
0.0315 (↵� 1) icorEC

ro � ri
ri



Elastic cylinder with plastic limit

20

 

<latexit sha1_base64="AaGcqavWc6A2bF9oPz6mhwT/Zdw="></latexit>

ri = 8 mm
ro = 58 mm

E = 30 GPa
⌫ = 0.2
fct = 3 MPa
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Version 2: Cracked cylinder
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Thick-wall cylinder mechanics
Cracked constitutive model

<latexit sha1_base64="t+U0eA1PthHLNNbSQylo5q1sqCc="></latexit>

�✓ = f ("cr✓ , r) ⌘ ft exp

✓
�"cr✓

"f

◆
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cracked

uncracked

<latexit sha1_base64="FTGK/FLfUWNB0HGtT0ctkxfZdy0="></latexit>

"f = ncGf/(ft2⇡r)

Cohesive law

<latexit sha1_base64="hmEJKRHWi+ClVpZHFfkORgHIBK8="></latexit>⇢
"r
"✓

�
=

1

E
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1 �⌫
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�r

�✓

�
+

⇢
0
"cr✓
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-
squ
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<latexit sha1_base64="WYglykTSjt1S9Brd1zvEvSUttkY="></latexit>

d2u

dr2
+

1

r

du

dr
� 1

r2
u+

1

r
(1� ⌫) "cr✓ � ⌫

d"cr✓
dr

= 0

Set stresses in ODE

<latexit sha1_base64="JrJkKeMKeAHIkZWzIU2IEr5m31s="></latexit>
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◆

<latexit sha1_base64="RrTb9K2+YHKU9gKBmRdBpRUkMfU="></latexit>

A = 1� ft
E"f

�
1� ⌫2

�
exp

✓
�"cr✓

"f

◆

Use to solve for  
<latexit sha1_base64="NP1b6/WRkdUCuIC6C7Wggt2YoRM="></latexit>

d�✓

dr
=

df ("cr✓ , r)

dr

<latexit sha1_base64="higTGzZ+qIPcPSK3bAbdmRWYpt4="></latexit>

d"cr✓
dr

with
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Nonlinear ODE
<latexit sha1_base64="3+VQxvgJ3uNb73a+Pj0vvWSK4yo="></latexit>

d2u

dr2
+

1

r

du

dr

A� ⌫

A� ⌫2
� 1

r2
u
A� ⌫

A� ⌫2
+

1

r
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A� ⌫2
"cr✓ = 0

Boundary conditions

<latexit sha1_base64="RrTb9K2+YHKU9gKBmRdBpRUkMfU="></latexit>
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cracked

uncracked

Solve with bvp4c 
in MATLAB

<latexit sha1_base64="amBU6v+tgUhzQdGr//oo5I/O8Xo="></latexit>

u(ri) = ucor
<latexit sha1_base64="qGzXW6x4HoxCRd6yWb4qNajcHaU="></latexit>

�r(ro) = 0

⑨ Mathal script available out gittmb

Incremental analysis
controlled by his reasonor
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Cracked cylinder
<latexit sha1_base64="Jz9yVt7l+LhFdWz5U+EkfGR7m8o="></latexit>
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Version 3: Time dependent response
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<latexit sha1_base64="+DdTe4AQ8lsaAJOnHLhdfF5IG1Y="></latexit>

E
00
(t, t0) =

1�R (t, t0) J (t⇤0, t0)

J (t, t0)� J (t⇤0, t0)
<latexit sha1_base64="KTA6PgA71sBT0jG5rRIuDf9Q8Q4="></latexit>

t⇤0 =

⇢
0.9t0 + 0.1t if t0 < t < t0 + 10�ts
t0 +�ts if t0 + 10�ts  t

Time dependent response
<latexit sha1_base64="tOykoppbT5tlO3gcU3KwgMX+I+w="></latexit>⇢
"r
"✓
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=

1

E00
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�⌫ 1
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�r

�✓

�
+

⇢
0
"cr✓

�

Modified AAEM
<latexit sha1_base64="badbFEY8h/0/RwYqwHSmp5jUw0k="></latexit>

t0 start of loading

Ref: Bažant and Jirásek (2018)

-
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<latexit sha1_base64="jbsdWU5yKUKOBVdYkHcp5fipcbM="></latexit>

fc (t) = f28
c exp

⇣
s
h
1�

p
28/t

i⌘

<latexit sha1_base64="Vsi7LtvKdITSRYYMit8U4ZHpmk4="></latexit>

J (t, t0) = q1 + q2Q (t, t0) + q3 ln [1 + (t� t0)
n] + q4 ln

✓
t

t0

◆

<latexit sha1_base64="wyiASu6nBRCdXnH9QfmOIMxGCt0="></latexit>

c1 (t0) = 0.08 + 0.0119 ln t0

<latexit sha1_base64="V8rpKAwOt54xwT0UVGeezCaLR78="></latexit>

�t = 1 day
<latexit sha1_base64="hSKQd7cj14CrCYDnf6zcW+D+QYU="></latexit>

�ts = 0.01 days

Maturity according to Model Code 2010

<latexit sha1_base64="lL0QcDfFEi7g/eEbnbae4fMucJY="></latexit>

R (t, t0) =
1

J (t, t0)


1 +

c1(t0)J(t, t0)

10J (t, t��t)

✓
J (tm, t0)

J (t, tm)
� 1

◆��10

Ref: Bažant and Jirásek (2018)

⑧ O ⑧ ⑧
-

-& Parameterbasedon fee w,c,9
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Effect of maturity on tensile strength
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<latexit sha1_base64="nu6U1OwEzb1p10kwhzzluPx2wjA="></latexit>

E28 = 30 GPa
⌫ = 0.2
fct = 3 MPa
fcc = 30 MPa
c = 360 kg/m3

w = 180 kg/m3

a = 1860 kg/m3
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Effect of creep and maturity on effective modulus
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<latexit sha1_base64="nu6U1OwEzb1p10kwhzzluPx2wjA="></latexit>

E28 = 30 GPa
⌫ = 0.2
fct = 3 MPa
fcc = 30 MPa
c = 360 kg/m3

w = 180 kg/m3

a = 1860 kg/m3
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Scenarios for investigating effect of creep
Scenario 1 Young concrete

Accelerated corrosion

Scenario 2 Young concrete
Slow corrosion

Scenario 3 Old concrete
Accelerated corrosion

Scenario 4 Old concrete
Slow corrosion

<latexit sha1_base64="0X8rCcP38V8eakkPJFuuJo/3hCg="></latexit>

t0 = 28 days

<latexit sha1_base64="VqVhdDlaqJbN3dYMhIgjKklVNaY="></latexit>

icor = 100 µA/cm2

<latexit sha1_base64="0X8rCcP38V8eakkPJFuuJo/3hCg="></latexit>

t0 = 28 days
<latexit sha1_base64="U4UVjyjycA5LbzhF373ePPLwvBw="></latexit>

icor = 1 µA/cm2

<latexit sha1_base64="VqVhdDlaqJbN3dYMhIgjKklVNaY="></latexit>

icor = 100 µA/cm2

<latexit sha1_base64="xTGTVH64CYJe7nOLm+hcBx8tLbU="></latexit>

t0 = 10000 days

<latexit sha1_base64="U4UVjyjycA5LbzhF373ePPLwvBw="></latexit>

icor = 1 µA/cm2

<latexit sha1_base64="xTGTVH64CYJe7nOLm+hcBx8tLbU="></latexit>

t0 = 10000 days
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Scenario 1: Young concrete + accelerated corrosion 
<latexit sha1_base64="AmFwktWeGFIWaFqmxzu9KfJvdkQ="></latexit>
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Scenario 2: Young concrete + slow corrosion 
<latexit sha1_base64="/fFvRLaRcqva+YsNpV9M1MDA8us="></latexit>
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Scenario 3: Old concrete + accelerated corrosion 
<latexit sha1_base64="74BEPYrKzTNiJ+CyoRKh5aGRKts="></latexit>
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Scenario 3: Old concrete + slow corrosion 
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<latexit sha1_base64="W/gDZy6769Po7ntj/qnyj45HrAc="></latexit>

ri = 8 mm
ro = 58 mm

E28 = 30 GPa
⌫ = 0.2
fct = 3 MPa
fcc = 30 MPa
c = 360 kg/m3

w = 180 kg/m3

a = 1860 kg/m3

to = 10000 days
icor = 1 µA/cm2



Lattice model and experiments
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Lattice discretisation

Ref: Grassl and Bolander (2016), Yip et al. (2005), Schlangen and van Mier (1992), Kawai (1977) 

 

 

Constrained 
random points Tessellations Lattice element



38

Lattice constitutive model

Ref: Grassl and Bolander (2016), Grassl (2009) 

 

Yield surface Stress-strain

� = (1� !)De ("� "p) = (1� !)�̄
<latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit><latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit><latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit><latexit sha1_base64="0VHM0GQ53FtEAlWxFffS6GIbv1c="></latexit><latexit sha1_base64="eubq389dACtqpF6eJgVeIfcLE58="></latexit><latexit sha1_base64="eubq389dACtqpF6eJgVeIfcLE58="></latexit><latexit sha1_base64="7DmSVusLcPCJQdnKUFIrDRVUhKg="></latexit><latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit><latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit><latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit><latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit><latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit><latexit sha1_base64="zsGmyo0NzirnE6MDzXqnud9+MNo="></latexit>
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Experiments - Geometry

concrete
Steel rebar
(D 16mm)
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Experiments - Setup
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Crack patterns

We= 0.W1
=0.43 W= 0.38
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Comparison
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Conclusions
Inclusion of cracking significantly affects critical 
corrosion penetration.
Creep has moderate effect on accelerated corrosion 
for young concrete. 
Very small effect of creep on slow corrosion for old 
concrete.

Experiments indicate that cracking, creep and maturity 
alone is not enough to predict corrosion induced 
cracking. Transport of corrosion products required?
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