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NonLinear Solution Procedures

Summary

This document contains introduction to nonlinear solution procedures.
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1 Solution procedures for nonlinear systems

We illustrate this on problem of nonlinear mechanics. Our starting point is general form of equilibrium
equations expressing the balance between internal f** and external f¢*t

fint(p) = peat
Suppose we are looking for an equilibrium at the end of load increment A f¢*t
Firt(r 4+ Ar) = feot 4 Afeat (1)
By the linearization of the nodal force vector around known equilibrium state we can obtain
o fint
or

The derivative of internal force vector with respect to nodal displacements is called jacobian matrix and in
solid mechanics as tangent stiffness matrix. For the case of material non-linearity

) + Ar +O(|Ar|?) (2)

Fortee) = [ Bo(e(r)) do 3)
Qe
o feint r0o Je roo T
- BT22 %€ sa—- | BT Brcda—= | BTDBr¢ d0 4
ode / de ore / de " / " (4)

1.1 Newton-Raphson method

The method is based on splitting of the loading process into series of subsequent incremental loading steps
in which the incremental loading vector Af is applied. We are looking for the equilibrium at the end of
loading step 1 using the iterative procedure outlined in 4. The algorithm is graphically outlined in Fig. 1.1
for a system with one unknown and summarized in Table 2.

Based on update strategy for stiffness matrix, one can obtain different variants of the method. When
the stiffness matrix K is updated in each iteration, the full Newton-Raphson method is obtained. When
stiffness matrix only every n-th iteration, one speaks about modified Newton-Raphson method. Finally,
when the stiffness matrix is updated only at the beginning of the loading step, one obtains so called initial
stiffness method. For the full Newton-Raphson method a quadratic convergence is obtained.

One can implement two blends of Newton-Raphson algorithm, where the loading can be driven by load
control or by displacement control, where the prescribed increments of displacements are applied to selected
DOFs.

1.2 Arc-length method

We start by assuming the parametrized loading, in which the total external load vector is expressed as

fext()\) — +)\f;xt
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Figure 1: Hlustration of Newton-Raphson method
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Given
ext
ot t t
ert __ pex exr
fn — Jn—-1 + 6-fn
0 _
Ty =Tn-1

Looking for 7, such that f"(r,) = f&*
Solve fori =1,2,---

K'or' = £ — £ ()

ri =it 4 6t
Until [|f57 — fi (e DIl <e

Table 1: Newton-Raphson method

where f, is proportional, reference load vector, and A is load scaling parameter, The arc-length method is
based on idea of controlling the length passed along the loading path. For the differential length of loading
path we can write

Al = \JArTAr + (2ANFDF,) (5)

where c is coefficient of generalized metrics used to define Al (taking into account different units of dis-
placement and load). For selected increment of loading path length Al, we are looking for the equilibrium,
where the unknowns are nodal displacements r and the load scaling parameter A. We have the equilibrium
equation and additional scalar equation 5:

) = FOnS) (6)
Al = ArfAr, +PANFLT, (7)

n

At the end of n-th loading step and i-th iteration the displacement vector can be written as r¢, = ri - + jr
and similarly the load scaling parameter as A\{, = A\i=1 4 §\. Substituting this into equilibrium equation 6
we get

P or) = £ 0 1)

By linearization of F* around known state ri~!

f%nt("'%_l) _}_Kf@—l&r _ fezt,i—l + 5)‘fp

we get

and finally for unknown 7

or = (K )T et — prtel ) 10 (KD T F, (8)
5T 5Ty

Note that the vectors dr, and dr) can be computed and the only unknown remaining is the incremental
change of loading parameter d\, which could be determined from 7

AR = (AP0, + 0XAGry) T (AT 4 8ry + 0X0T)) + (AN + 0N FT 9)
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Figure 2: Illustration of Acr-length method
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This finally yields a quadratic equation for unknown increment of loading parameter §A. The algorithm is

summarized in Table 77.

Given

t
fol?.fp

0 _
’r‘n =Tp-1

Evaluate

ory = (Kn)flfp
AN = +A] /\/5rj—fam +fTf,

AT = (Kn) H(ANf) = (Kn) (A + AN f), — £170)
Repeat fori =1,2,---

ory = (K, )7 f,

o1, = (KL L, — F )
Solve quadratic equation 9 for A

o1t = 61, + 6AOT),

Art = Art=l 4 5t pl = piol 4 §pt
M= X1 6N AN = AN 460

Until convergence reached

Table 2: Newton-Raphson method

2 Non-stationary linear transport model

The weak form of diffusion-type differential equation leads to

dr
K C—=F
Tt dt ’

(10)

where the matrix K is a general non-symmetric conductivity matrix, C' is a general capacity matrix and
the vector F' contains contributions from external and internal sources. The vector of unknowns, r, can

hold nodal values of temperature, humidity, or concentration fields, for example.

Time discretization is based on a generalized trapezoidal rule. Let us assume that the solution is known at
time ¢ and the time increment is At. The parameter a € (0, 1) defines a type of integration scheme; o = 0
results in an explicit (forward) method, o = 0.5 refers to the Crank-Nicolson method, and o = 1 means an
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implicit (backward) method. The appromation of solution vector and its time derivative yield

T = t+alAt=(t+At) - (1—-a)At, (11)
T = (1 — a)’l‘t + AT At (12)
dr 1
E = Kt (rt+At — 'l“t) . (13)
F, = (1-a)Fi+aF (14)

Let us assume that Eq. (10) should be satisfied at time 7. Inserting Eqgs. (12)-(14) into Eq. (10) leads to

1 1
[aK + Atc} TiiAL = [(04 - DK + AtC] T+ (1 —a)F; + aF i a (15)

where the conductivity matrix K contains also a contribution from convection, since it depends on 744 A¢
K = / BTABAQ + [ NThNAD (16)
Q jy

Convection

The vectors F'; or Fiyas contain all known contributions

Fy=— [ NTqdr+ [ NThT,.dT + / NTQ,d0 (17)
Fq FE Q

Given flow Convection Source

3 Non-stationary nonlinear transport model

In a nonlinear model, Eq. (10) is modified to

d
K(r)r+C(r) 5 = F(r), (18)
Time discretization is the same as in Eqs. (11)-(13) but the assumption in Eq. (17) is not true anymore.
Let us assume that Eq. (18) should be satisfied at time 7 € (¢,t + At). By substituting of Eqs. (12)-(13)

into Eq. (18) leads to the following equation

[(1— a)ry + aread Ko(rr) + [W} C.(r;) = F.(r;). (19)

Eq. (19) is non-linear and the Newton method is used to obtain the solution. First, the Eq. (19) is trans-
formed into a residual form with the residuum vector R, which should converge to the zero vector

R, = [(1— a)ry + arpad Ko (ry) + [W} C.(r;) — Fr(r,) — 0. (20)
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A new residual vector at the next iteration, Ri“, can determined from the previous residual vector, Ri,
and its derivative simply by linearization. Since the aim is getting an increment of solution vector, Ar’, the
new residual vector R is set to zero

4 . OR! ,
R ~ R TAr: =0 21
. LN 1)
P4 —1
. OR! .
Arl = —|—=L R. 22
i [a] i (22)
Deriving Eq. (20) and inserting to Eq. (22) leads to
~ i OR! , 1
K = S - oKi(r)- —Ct 2
L= D - —aKir) - 4, C) (23)
) ~;1—1 .
arl = -|K.| R (24)

which gives the resulting increment of the solution vector Art

~ 7

Art = — [KT} o { [(1—a)r + arppad Ki(ro)+

TirAt — Tt i (25>
TN € ) - Pt
and the new total solution vector at time ¢ + At is obtained in each iteration
i+l ‘ j
Tiiae = Tiar+ AT (26)

There are two options how to initialize the solution vector at time ¢t + At. While the first case applies
linearization with a known derivative, the second case simply starts from the previous solution vector. The
second method in Eq. (28) is implemented in OOFEM.

or
P oar =T+ Ata—tt, (27)

At =T (28)

Note that the matrices K (r;), C(r,) and the vector F'(r,) depend on the solution vector r,. For this reason,
the matrices are updated in each iteration step (Newton method) or only after several steps (modified Newton
method). The residuum R! and the vector F,(r;) are updated in each iteration, using the most recent
capacity and conductivity matrices.
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3.1 Heat flux from radiation

Heat flow from a body surrounded by a medium at a temperature Ty, is governed by the Stefan-Boltzmann
Law

q(T,Ts) = eo(T* = T) (29)

where € € (0,1) represents emissivity between the surface and the boundary at temperature T,. o =
5.67-10~8 W/m~2K~* stands for a Stefan-Boltzmann constant. Transport elements in OOFEM implement
Eq. (29) and require non-linear solver.

Alternatively (not implemented), a linearization using Taylor expansion around T, and neglecting higher-
order terms results to

0q(T, Two)

T (Too — T) = 4e0T3 (T — Tio) (30)

(T, Tw) = q(T=Tx)+
leading to so-called radiation heat transfer coefficient a,.qq = 450T§O. The latter resembles similar coefficient
as in convective heat transfer. Other methods for Eq. (29) could be based on Oseen or Newton-Kantorovich
linearization. Also, radiative heat transfer coefficient a,.qq can be expressed as [?, pp.28]

T4 _ T4
4T, Too) = 0 —22(T — Too) = eo(T? + T2)(T + Too)(T — Two) (31)

Qrad
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