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Linear Elasticity

Summary

This document contains introduction to linear elasticity.

Responsible: Borek Patzak Date: 11/09/2019 Page: 1/8



Linear Elasticity OOFEM.ORG

Figure 1: Deformed configuration

1 Linear elasticity

1.1 Linear kinematics

Let us consider a deformable body as a collection of points, where position
of each point is denoted as x ∈ Ω. In a deformed configuration the posi-
tion of each point is identified by its position vector xϕ(x) = φ(x). The
displacement vector is then defined as:

xϕ(x) = x+ u(x) (1)

Let us now examine the position in a local neighborhood of a point. The
deformed position of such neighbor point with coordinates x + dx (where
dxis infinitisemally small vector) is

xϕ(x+ dx) = x+ dx+ u(x+ dx) = xϕ + dxϕ

, where dxϕ is the mapping of vector dx onto deformed configuration, see
Fig. 1.1. Taking into account the definition of displacement vector 1 and
using Taylor formula we get

dxϕ = x+dx+u(x+dx)−xϕ = dx−u(x)+u(x+dx) ≈ [I+∇u(x)]dx (2)

where ∇u(x) is the displacement gradient tensor (in small strain theory we
assume ||∇u(x)|| � 1). The displacement gradient tensor can be decom-
posed into symetric and antisymmetric parts

∇u = ε+ ω =
1

2
(∇u+∇uT ) +

1

2
(∇u−∇uT ) = ∇su+∇au
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Figure 2: Balance between tractions and stresses in 2D

The antisymmetric part corresponds to infinitesimal rotation. The sym-
meric part of displacement gradient tensor is therefore the measure of in-
finitesimal deformation

dxϕ = εdx

1.2 Equlibrium equations

Stress is defined as the force across a ”small” boundary per unit area of
that boundary, for all orientations of the boundary. In the most general
case, called triaxial stress, the stress is nonzero across every surface element.
Cauchy observed that the stress vector t across a surface is a linear function
of the surface’s normal vector n:

t(x) = σ(x)n(x)

where σ(x) is called the (Cauchy) stress tensor, completely describing the
stress state at any point.

The components of the Cauchy stress tensor at every point in a material
satisfy the equilibrium equations (Cauchys equlibrium equations). From
the conservation of angular momentum follows the symmetry of the stress
tensor. Therefore, the stress state of the medium at any point and instant
can be specified by only six independent parameters, rather than nine. These
may be written  σxx τxy τxz

τxy σyy τyz
τzx τzy σzz


where the elements σxx, σyy, σzz are called the normal stresses (relative to
the chosen coordinate system), and τyz, τxz, τxy the shear stresses.
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Figure 3: Stress balance in 2D

In a static equlibrium, the Cauchy stress components in every material
point satisfy the equilibrium equations, see reffig:stressbalance

σji,j + Fi = 0 (3)

where we use summation convention over repated indices and Fi are the
components of the body force. In a compact tensorial notation we can write
the above equation as

∇ · σ + Fi = 0 (4)

1.3 Constitutive equations

In this section we present the constituve relations (i.e. relations between
stress and strain tensors) for the case of hyperelasticity, which could be
defined in terms of strain energy density W (ε), which allows to evaluate
stress components as partial derivatives:

σij =
∂ W

∂ εij

For example, the Hooke’s law is defined using following strain energy poten-
tial

W (ε) =
1

2
εijCijklεkl

where C is forth order elasticity tensor. The equality of mixed derivatives

(
∂2W

∂ εijεkl2
=

∂2W

∂ εklεij2 ) and symmetry of stress and strain tensors
∂ σij

∂ εkl
=

Cijkl = Cjikl = Cijlk imply that there is in general maximum 21 independ
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components of the elasticity tensor. In the simplest case, the elasticity
tensor for isotropic linear elastic material can be described by only two
parameters: either Lameś parameters (λ, µ) or more usual parametrs being
Young’s modulus E and Poisson’s ratio ν:

Cijkl = λδijδkl + 2µ
1

2
[δikδjl + δilδjk] ≡ C = λ1⊗ I + 2µI

1.4 Voight notation

The Voigt notation is hrequantly used to take advantage of the symmetry
of the stress tensor to express the stress tensor as a six-dimensional vector
of the following form:

σ̃ = [σx, σy, σz, τyz, τxz, τxy]T ≡ [σxx, σyy, σzz, τyz, τxz, τxy]T

The strain tensor, similar in nature to the stress tensor (both symmetric
second-order tensors) can be written in Voight notation as

ε̃ = [εx, εy, εz, γyz, γxz, γxy]T ≡ [εxx, εyy, εzz, 2εyz, 2εxz, 2εxy]T

The benefit of using different representations for stress and strain is the
scalar invariance

σ · ε = σijεij = σ̃ε̃

Similarly, a three-dimensional symmetric fourth-order tensor can be reduced
to a [6,6] matrix.

1.5 Boundary value problem in small strain elasticity

1.5.1 Strong form

Starting from the equilibrium equations refeq:staticequlibrium3d, into which
we can substitute the constituve equations and strain-displacement relation
we obtain the equlibrium equation expressed in terms of displacements:

∂

∂ xj

(
Cijkl

1

2
(
∂ uk
∂ xl

+
∂ ul
∂ xk

)

)
+ Fi = 0

This system of three partial differnetial equations can be solved, provided
that appropriate boundary conditions are given. In summary, the strong
form is the following:
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Find u ∈ Rn, such that

∂

∂ xj

(
Cijkl

1
2(
∂ uk
∂ xl

+
∂ ul
∂ xk

)

)
+ Fi = 0 ∈ Ω

u = ū ∈ Γu

tni = Cijkl
1
2(
∂ uk
∂ xl

+
∂ ul
∂ xk

)nj = t̄i ∈ Γt

1.5.2 Weak form

By following the method of weighted residuals, we multiply the governing
differential equations 4 in residual form by a sutable test functions δu, sat-
isfying the homogeneous boundary conditions on Γu∫

Ω
δu · (∇ · σ + F ) dΩ = 0

By applying the Green’s formula, we arrive at∫
Ω
∇δu · σ dΩ =

∫
Ω
δu · F dΩ +

∫
Γ
δu · σn dΓ

Then we can substitute for the stresses and tractions and taking into account
the symmetry of stress tensor (σ = Cε)∫

Ω
∇sδu ·Cε dΩ =

∫
Ω
δu · F dΩ +

∫
Γ
δu · t dΓ (5)

Or, equaivalently using Voight’s notation∫
Ω
δε̃T D̃ε̃ dΩ =

∫
Ω
δuTF dΩ +

∫
Γ
δuT t dΓ (6)

Note: this is equaivalent to the principle of virtual displacements. For
hyperelastic material, the weak form is identical to the principle of minimum
potential energy.

1.6 Finite element discretization

Let us consider discretization of the problem domain Ω into set of nonover-
lapping subdomains Ωe, called elements. Next we will consider the approx-
imation of the unknown displacement field, defined on individual subdo-
mains. Note that the approximation is not arbitrary:
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• The weak form kontains only first derivatives of the unknown and test
functions, thus only C0 continuity is required.

The element approxiamtion of the arbitrary function f has the form

f =
∑

Nj(x)rj = Nr

where Nj are so called shape or approximation functions and rj are nodal
values. Note that for the approximation functions to be interpolatory, the
shape functions have to satisfy Kronecker-delta property, i.e., Nj(xi) = δij ,
where xi is the position vector of the i-th node. Also, the shape functions
have to satisfy the condition

∑
Ni = 1, which follows from the requirement

to approximate the constant function. The required continuity of element
approximations have to be satisfied. This is typically achieved by enforc-
ing the continuity at the nodal points. In our case, the approximation of
displacements and test functions is

ue = N e(x)re (7)

δut = N e(x)δre (8)

We will use the weak form 5, which using Voight’s notation has the form∫
Ω
∇sδu ·Cε dΩ =

∫
Ω
δu · F dΩ +

∫
Γ
δu · t dΓ

We will need also the derivatives of the displacement and test functions

ε̃e == Be(x)re (9)

δε̃e = Be(x)δre (10)

where Be matrix contains the first partial derivatives of the shape functions.
By substiituting into the weak form 6 we obtain

∑
e

δre,T


∫

Ωe
Be,T D̃

e
Bere dΩ︸ ︷︷ ︸

Ke

re −
∫

Ω
N e,TF dΩ︸ ︷︷ ︸
f e

Ω

−
∫

Γt

N e,T t̄ dΓ︸ ︷︷ ︸
f e

Γ

 = 0

(11)
After introducing a mappig between element displacement vectors re,

nodal vectors of test function values δr and their global counterparts r̂, δr̂
one can obtain

δr̂T
[
K̂r̂ − f̂Ω − f̂Γ

]
= 0 (12)
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By taking into account that the test fuctions are arbitrary (i.e. δr̂ 6= 0), one
finnaly obtains the following set of linear algebraic equations for unknonwn
nodal displacements r̂:

K̂r̂ = f̂Ω + f̂Γ (13)

2 Implementation

The linear elasticity is implemented by LinearStatic and StaticStructural
engineering models. The LinearStatic model supports multiple load cases,
as the load vector is formed for each dicrete time step representing the load
case. By default, the ith load case corresponds to time step at time i.
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